Abstract. The analysis of different Wavelets also including novel Wavelets families based on atomic functions are presented, especially for Ultrasound (US) and Mammography (MG) images compression. This way we have been able to determine what type of filters Wavelet works better in compression of such images. Key properties: Frequency response, Approximation Order, Projection cosine, and Riesz bounds were determined and compared for the classic Wavelets W9/7 used in standard JPEG2000, Daubechies8, Symlet8, as well as for the complex Kravchenko-Rvachev wavelets ψ(t) based on the Atomic Functions up(t), fup 2 (t), and eup(t). The comparison results show significantly better performance of novel Wavelets that is justified by experiments and in study of key properties.
Introduction
Different fields, such as astronomy, medical imaging, and computer vision manage data of large volume. So, this data should be compressed to optimize the storage devices. There exist a lot of approaches in signal compression. Here, we present Wavelet-based techniques for compression procedures focusing on different threshold rules. The basic idea behind these techniques is to use Wavelets to transform data set into a different basis, where the non important information can be eliminated. Also, we have tested as classical, as novel Wavelet algorithms based on Atomic Functions, which present excellent compression results. Below, decimated Wavelet Transforms (WT) and the MAE fidelity criterion are used to evaluate the different compression methods for US and MG images.
Investigating the key properties of the different Wavelets we can justify the obtained experimental results in the compression of US and MG images.
Wavelet Transform and Filter Banks
The Discrete Wavelet Transform (DWT) is easy to realize using filter banks [1] . DWT can be implemented applying some equations, but it is usually made using filter bank techniques. The most popular scheme of the DWT for 2-D signal applies only two filters for rows and columns, as in the symmetric filter bank.
In tests carried out previously, it was found that better results are obtained when compressing the Ultrasound images with the Symlet Wavelet, and the Mammography images with the Daubechies Wavelet [2] .
Based on this fact, we realize an evaluation to compare the acting of three Wavelet families based on Atomic Functions with the Wavelets that presented better acting. We use the complex Kravchenko-Rvachev wavelets ψ(t) based on the Atomic Functions up(t), fup 2 (t) , and eup(t) [3] .
Compression by Wavelet Threshold
The three main steps of compression using the Wavelet coefficient and threshold technique are as follows:
1. Calculate the Wavelet coefficient matrix applying WT to the original image. 2. Modify (threshold or shrink) the detail coefficients to obtain the reduced number of coefficients. 3. Encode the modified coefficients to obtain the compressed image.
In the two-level sub-bands decomposition, the coefficients on the first level are grouped into the vertical details (LH 1 ), horizontal details (HL 1 ), diagonal details (HH 1 ), and approximations (LL 1 ) sub-bands. The approximations part is then similarly decomposed in second level sub-bands. The directions reflect the order, in which the high-pass (H) and low-pass (L) filters of the WT are applied along the two dimensions of the original image.
Thresholding Functions
The thresholding functions [4] 
where x is the original signal, S is the thresholding signal and t is threshold.
Wavelet Key Properties
The Wavelet decomposition algorithm uses two analysis filters ) ( z H (lowpass) and ) ( z G (highpass). The reconstruction algorithm applies the complementary synthesis filters H(z) (lowpass) and G(z) (highpass). These four filters constitute a perfect reconstruction filter bank. In the present case, the system is entirely specified by the lowpass filters H(z) and ) ( z H , which form a biorthogonal pair. The highpass operators are obtained by simple shift and modulation and shown below.
For all the Wavelet families used in the compression scheme the following properties were obtained to justify the experimental results.
Frequency Response. This characteristic allows determining the behavior of the analysis and synthesis filters in a graphic way to appreciate the differences that there are among different Wavelet families used.
Approximation Order. This determines the number L of factors (1 + z -1 ) that divide the transfer function H(z). The approximation order plays a crucial role in Wavelet theory [5] . It implies that the scaling function φ(x) reproduces all polynomials of degree lesser or equal to n = L -1; in particular, it satisfies the partition of unity
They are also directly responsible for the vanishing moments of the Wavelet analysis:
Finally, the order L also corresponds to the rate of decay of the projection error as a scale how it goes to zero [6] .
The next point concerns the stability of the wavelet representation and of its underlying multi-resolution bases. The crucial mathematical property is the translation of the scaling functions and Wavelets in Riesz bases [7] . Thus, one needs to characterize their Riesz bounds and other related quantities.
Let define a biorthogonal pair } , { ϕ ϕ as a set of scaling functions for which the cross-correlation filter is identity ( 
This fundamental quantity is scale-independent, it allows comparing the performance of the biorthogonal projection a Ρ with that of the optimal least squares solution a Ρ for a given approximation space a V . Specifically, we have the following sharp error bound [9] :
The projection angle θ between the synthesis and analysis subspaces should be 90 degrees in orthogonal spaces. In other words, the biorthogonal projector a Ρ will be essentially as good as the optimal one (orthogonal projector onto the same space) when the value θ cos is close to one.
Criteria of Fidelity
To evaluate in objective manner the fidelity of the compressed images we apply several criteria that usually are used the difference between two images [10] .
Mean Absolute Error (MAE).
This criterion is often applied as a numeric measure of distortion for fine details and contours of the image and characterizes the average difference between the original and compressed images. 
Simulation Results
We carried out numerous simulated experiments to compare the performance of the compression algorithm using different Wavelet functions (classical and based in AFs). Firstly, let present the experimental results applying Symlet filters for Ultrasound images, and, secondly, we present the experimental results applying Daubechies filters for Mammography images. Both results are compared with three different families of Wavelet filters based en AFs. We use five decomposition levels in the compression procedure. Visual results are not presented only the objective evaluation. 
Fig. 2. MAE criterion for compressed Ultrasound images with based on AF fup 2 (t) and eup(t)
Wavelet filters, respectively (left to right) It is known from statistical theory that the approximation property of estimation of random variable can be given in form of relative error ) 1
, where r is correlation coefficient that is equal to projection cosine in this case. So, calculations of this error using table 1 show that Wavelet based on eup(x) can produce relative variance error of 0,00464 (6.8% in RMS value), but in same time Wavelet Daubechies 8 gives value of 0,02242 (more than 15% in RMS value), and Wavelet 9/7 value of 0,03234 (more than 18% in RMS value). So, Wavelet based on eup(x) function gives about three less a relative error in RMS values than Wavelet 9/7 used in JPEG2000 standard.
Conclusions
There were carried out numerous tests in comparing of different Wavelets functions to choose the best one for compression of medical US and MG images. It is observed that for two modalities of images used in the tests the Wavelets families based on atomic functions presented smaller levels of mean absolute error, with relationship to their equivalent of the Daubechies and Symlet families. The compression level also decreased lightly but better image quality is conserved.
The Wavelet family based on the atomic function eup(x) present better levels of MAE for two image modalities. It is observed in the carried out analysis that Daubechies and Symlet filters are most selective than the Wavelet 9/7 used in standard JPEG2000. The filters of the Wavelet based on the atomic function eup(x) are presented the best frequency response. One can see that all the used filters have the same approximation order. This derives mainly in two things, the Wavelet filters have the same number of coefficients, and therefore, they imply the same computational complexity when being implemented in the compression algorithms, and the convergence of the error will be of the same order for all the filters.
The existence of the limits Riesz bounds demonstrates that the coefficients of the analysis and synthesis filters are lineally independent. The projection cosine measure shows that the families of Wavelets based on atomic functions are near to optimal ones; this implies that they are "better" orthogonal and "most independent". Also, the fact that they are lineally independent assures that errors are hardly presented to the decomposition/reconstruction procedure. Likewise the different properties of the Wavelet filters found here demonstrates that the filters of the Wavelets families based on atomic functions can realize the approximation better in comparison with traditional Wavelets, potentially giving superior quality of compression, guaranteeing the same level of error.
